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In the present paper it is proposed to study some magnetic fields with conservative Lorentz force in confocal 
paraboloidal coordinates, neglecting the effects of displacement current. It has been shown that self-superposable flow of 
an electrically conducting incompressible fluid permeated by a magnetic field with conservative Lorentz force may 
constitute a magnetohydrostatic configuration under certain conditions. Some such possible configurations have been 
attempted for the conducting fluid flowing in confocal paraboloidal ducts and pressure distributions of these configurations 
have also been determined. 
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INTRODUCTION 

Here we have used these techniques frequently in some important conclusions about MHD duct flow. Mittal et al 
(6, 7, 8, 9 and 10) have discussed some of such problems in ducts of different shapes and cross-sections. 

Lorentz force plays many important roles in MHD flows. Various authors (1, 2 and 6) have represented it in 
various coordinate systems. It is also proposed to discuss some magnetic fields in oblate spheroidal coordinates for which 
Lorentz force is conservative. Some magnetic fields whose Lorentz force can be represented by the gradient of a scalar 
quantity have been determined. 

The basic assumption that displacement current field being small compared to the prevalent electric field can be 
discarded, have been taken into account in equations of the problem. The magnetohydrostatic configurations can be 
developed when the magnetic fields with conservative Lorentz force will act upon self-superposable flow of electrically 
conducting fluids. It is attempted to find out the conditions of such magnetohydrostatic configurations have been studied 
by Mittal (6, 7), Mittal, Thapaliyal and Khan (9, 10), Mittal and Khan (8) for the ducts of different shapes. 



ABSTRACT 



LORENTZ FORCE 



Let the Lorentz force be represented by 




(HxcurlH) 



(l.i) 



Here H and jJL denote the magnetic field and permeability respectively. Now suppose that (f) be required scalar 



so that we may express L as 
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L = —^grad(J) 

Equating the various terms of (1.1) and (1.2) in confocal paraboloidal coordinates (1 1), we get 

\{a-w)(b 2 -w) 3 



(1.2) 



JL 

271 



(w-u) 



(w — v) dw 



, I „ v (a -u)(b -u) d I 

(slw-uHJ - —(sJu-wHJ 



\ (u- w) du 



(u- w) 



\ (u - w) ou 



(1.3) 



JL 
In 



(u-w) V (u-w) 9« V (v-w) dv 



(v-w) V (v-w) dv V (w-m) ow 



(1.4) 



4;r 



ff v (a 2 -v)(b 2 -v) d 



(v-w) V (v-w) 3v 



(Vv^ff,)-2, 



(a -w)(fe -w) d 
(w-u) dw 



(^vH)\—^-h 



H I \(d-M0-M)) d 



(w-u) v (w-v) 3w 



(u- v) du 



(1-5) 



Here (L u ,L v ,L w ) and (// M ,H V ,H W ) are the coordinates of Z^and H at every point (w,v,w) in confocal 
paraboloidal coordinates. Also, 



^=2j (a -" )(fc -" ) ^^2j (fl -^- t - ) ^ + 2, (a2 -" )( '' 2 - M ' ) ^f ] <1.6, 
V (v-w)(w-w) 3m V (w-v)(u-v) dv V (u-w)(v-w) dw 



where , i 2 are tne unit vectors along U,V, Waxes respectively. From equation (1.2) with the help of 
equations (1.3), (1.4), (1.5) and (1.6), we get, 



(v- 


u)(w- 


-u) 


'(a 2 - 


u)(b 2 


-u) 


j (w- 


-v)(u- 


-v) 


I(a 2 - 


-v)(b 2 


-v) 



(1.7) 



(1.8) 
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a(j) _ 1 I (u- w)(v— w) 



dw 2\j(sL 2 -w)(b 2 -w) w 

Values of ^0 ^ d0 ^ d0 substituted in 
9m 9v dw 

0=\ \ -zr-du + ^-dv + zr-dw 
J you av aw , 

will give (f) . 



(1.9) 



(1.10) 



Also, the magnetic field H should satisfy the continuity equation divH — 0 



2^(z 2 -u)(b 2 -u) 3 
(u — v)(w— u) du 



, 2J(a 2 -v)(6 2 -v) d r 

4{u-v){u-w)H u A V(v-w)(v-«)g v 

(u-v)(v-w) av 



^tf-wXtf-W) d r 

+-*- — — V(w-m)(w-v)// w =0 

(v-w)(w-w) aw 

In order to make equation (1.11) integrable we may consider the following cases 
Case I- when// u — 0. In this case (1.11) will be satisfied by the field 



(1.11) 



H=0 



(i) 



H = 



H = 



aF(u)0(w) 
J(v-w)(y-u) 
M(«Mv) 



(1.12) 



^(w-w)(w-v) 

where F(u), F^ (u) are integrable functions of W; ^(v) and 6{w) the integrable functions of v and w 
respectively and OC and /?the constants. 

For this magnetic field, it can be easily shown that Lorentz force L can be represented by the gradient of a scalar 
quantity (/) given by 



a 2 {6{w)} 2 r F(u)F\u) du /3 2 {lff{v)} 2 c F^F^u)^ | /? 2 {F,(u)} 2 r yr(v)j/(v) j y 



(w-v) J (w-w) (w-m) j (w-v) 



2aPF{u)F [ {u)6( (w) r~i — — ; — - f 
(w-v) J \ 



{Kv)Jv 



( w - v)^j(a 2 -v)(b 2 -v) 
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flffF( M )i>);/(v)V(a 2 - v)(b 2 -v) 



0{w)dw 



« 2 {F(u)} 2 f 0(w)0'(w) 



2(v- u) J \| (v- vv)V(a 2 -w)(^ 2 -w) ( 



v-w) (v-w) 



(1.13) 



Now it is clear that magnetic field (12) must have Lorentz conservative force as it is represented by the gradient of 
a scalar quantity 0 given by equation (3.13). 

By choosing different suitable sets of values of F (u), F ; (u), l//{v) and 0{w) , we get a number of magnetic fields 
with conservative Lorentz force. One of such field can be obtained by taking 



F(u) = F L (w) = yj(a 2 -u)(b 2 -u) 
¥ {v) = ^(a 2 -v)(b 2 -v) 

0{w) = -y/(fl 2 —w)(b Z —W) 

J3 = 2a 

The magnetic field will become 



H =0 



(1.14) 



H. = a. 



(a 2 - u)(b 2 - u)(a 2 - w)(b 2 - w) 



(v-w)(v-u) 



H„, = 2a. 



\{a —u){b —u){a —v)(b — v) 
: (w-w)(w-v) 



(1.15) 



for this magnetic field represented by equation (1.15), the Lorentz force can be represented by the gradient of a 
scalar quantity (j) given by 



(p = a 2 



(a 2 -w)(b 2 -w) u a 2 + b 2 , . . 4(a 2 -v)(b 2 -v) ,, a 2 +b 2 

■{( V)l0g(v-W)-W} ; ; {( w)log(w- u) - u} 



(w — v) 



(w — v) 



(a 2 - v)(b 2 - v)(w 2 - 4v 2 + 4uv - uw) 
(w-u)(y -u) 



Similarly one more magnetic field with conservative Lorentz force is given by 



H u =0 
H 



H 



,J(v-w)(v-u) 
8 



yJ(W— M)(W- V) 

then L„ — L — L, — 0 



(1.16) 



(1.17) 
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and (/) = constant 

Then the magnetic field (1.17) becomes force free field. 

Case II- When H v = 0, in this case the magnetic field with conservative Lorentz force is given by 



(1) 



yj(U - V)(U - W) 



H=0 



H 



AF 2 (u)^ 2 (v) 



^/(w-m)(w- v) 



(1.18) 



(1-19) 



and 



<t> = 



2a { /3^(v)yf 2 (v)e[(w)^(a 2 - w)(b 2 - w) ? , F 2 (u)du 



(w-v) 



(w - u)sj(a 2 — w)(b 2 — w) 



(3 2 {y/ 2 {y)} 2 rF 2 (u)F 2 (u)du + a?{0 l (w)} 2 ry/ { (u)y/[(u)dv 
(w-v) (w-u) (w-v) (u— v) 

| /? 2 {F 2 (u)} 2 ^ ¥l (w) ¥ ' 2 (w)dv | ^{^(v)} 2 r ^(wjg(w)^v 
(w-u) (w-v) (u-v) (u-w) 

a^y/^if/^F^u^ia 2 -u)(b 2 -u) r 0 x (w)dw 



2(u - v) 



(u- w)*J(a 2 — w)(b 2 - w) 



(1.20) 



(11) 



tf v =0 
//.. = 2a, 



(a 2 - v)(b 2 - v)(a 2 - w)(b 2 - w) 



(u -v){u - w) 



ha —u)(b —u)(a — v)(b — v) 
I (w-m)(w-v) 



(1.21) 



and 



4(a 2 -u)(b 2 -u) f ,a 2 +fr 



(w-u) 



{( w)log(w-v) -v} + 



(a -v)(b -v)(4u +w -Auv-vw) 
(w- v)(u -v) 



(a 2 - w)(Z? 2 - w) . a z + & 



2 , j 2 



+ 



(w-u) 



{( M)l0g(u-V)-V} 



(1.22) 
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(iii) 



-J(u-v)(u - w) 
H v = 0 

H = 



■<J(W-U)(W- V) 



and (J) =constant 

i.e. the magnetic field is force free type 
Case III-when H w = 0, some magnetic field with conservative Lorentz force are given by 



(i) 



H a 2 yf 3 (v)0 2 (w) 
yj(u - v)(u — w) 
H ^j3 2 F 3 (u)0 3 (w) 



yl(y-w)(y-u) 
H=0 



and 



4>= 



J3 2 2 {0 3 (w)} 2 :F 3 (u)mu) 



J (v-u) 



-du 



(y — w) J (v-u) 

a 2 /3 2¥ ' 3 (v)e 2 (w)e 3 (w)4(a 2 - v)(b 2 - v) 
(y — w) 



J: 



FJu) du 



(1.23) 



(1.24) 



(1.25) 



(v - u)yj (a 2 - w)(b 2 - w) 
| a 2 /3 2 F 3 \\x)0 2 (w)0 3 (w)^(a 2 -u)(b 2 -u) ^ r ^ 3 (v)dv 

<£Ww)} 2 f j^MM jy | ^2{F 3 (u)} 2 f ^(w)^(w) ^_ ^ { ^( v) f r g 2 (w)^(w) 
(u-w) ' (u-v) (v-w) ' (w-v) (v-m) J (w-w) 



(1.26) 



(ii) 



H=OL 



H=CC 



H=0 





-v)(b 2 - 


v)(a 2 


-w)(6 2 


-w) 


j(a 2 


(u- 


-v)(u- 


-w) 




j(a 2 


-u)(b 2 - 


■u)(a 2 


-w)(6 2 


-w) 




(v- 


- w)(v- 


-u) 





(1.27) 
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Then ^ - a ^ 



(a 2 - w)(b 2 - w)(v - u){u + v - w) (a 2 -u)(b 2 -u) .a 2 +b 2 

H {w-( v)log(w-v)} 



(u - w)(v - w) 



(v-u) 



(a-v)(b 2 -v) a 2 +b 2 

; : — M)log(w-M)} 

{v-u) 2 



(1.28) 



(iii) 



H , 

H , 
H , 



7i 

y/(u - v)(u - w) 

y/(V - M )(V - W ) 

0 



(1.29) 



for this field (/)= constant 



(1.30) 



In the above discussion all the nine magnetic fields in confocal paraboloidal coordinates given by (1.12), (1.15), 
(1.17), (1.19), (1.21), (1.23), (1.25), (1.27) and (1.29) have conservative Lorentz values and one of these (1.12), (1.15), 
(1.19), (1.21), (1.25), (1.27) are pressure balanced fields and it is a well-known fact that in such fields lines of force and 

current are situated in the surface (/)= constant. The other fields (1.17), (1.23) and (1.29) are force free magnetic fields. 
SOME MAGNETOHYDROSTATIC CONFIGURATIONS 

If q denotes the fluid velocity of an electrically conducting incompressible flud permeated by a magnetic field 
H and p the density, the steady state consists of all solutions of the equation given by (4). 

fi . ^ -t - .A 



0curl(q)x q - —(curlH)x H = -gradp - pgrad(—q 2 ) + F 
ATI 2 



(1.31) 



curl(qxH) = 0 



(1.32) 



Here the body force F will contain no frictional force. 

Let q u , q v and q w be the components of C[ at any point (u, v, w) in confocal paraboloidal coordinates. 



AUW 



yj(v-w)(v-u) 

Buy 

-y/(w— m)(w— v) 



(1.33) 
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q v = A 

. <?„=o 



|(a 2 - M )(& 2 - 


w)(a 2 - w)(fe 2 - 


w) 


(v- 


w)(v — w) 




|(a 2 - M )(fc 2 


-M)(fl 2 -V)(fo 2 


-v) 



(w-m)(w- v) 



C, 



9 



> 


- w)(v - 


u) 








^/(w-m)(w- 


-v) 










- v)(m - 


w) 


0 








B { U 2 V 2 





^(w-hXw-v) 



9. = A 

?v =0 

9* = 24 



|(« 2 -v)(fc 2 - 


v)(a 2 -w)(fo 2 - 


w) 


(m - 


v)(k - H") 




/(a 2 -M)(6 2 


-u)(a 2 -v)(b 2 


-v) 



(w-m)(w- v) 



yj(u-v)(u-w) 



q, = o 

q, 



yl(W-U)(W-V) 

a,v 3 w 2 



yj(U—V)(U — W) 

BJJM, 
<7v = , = 

9 W = 0 



q u = A 2. 



q, = K 





-v)(fc 2 - 


v)(a 2 


- w)(£ 2 


- w) 




(w - 


v)(m- 


- w) 




(a 2 


-u)(b 2 - 


w)(a 2 


- w)(fe 2 


- w) 


1 


(V- 


w)(v- 


-m) 





(1.34) 



(1.35) 



(1.36) 



(1.37) 



(1.38) 



(1.39) 



(1.40) 
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C 2 

yj(u - v){u — w) 



(1.41) 



^(v- w)(v-w) 
<Z W = 0 



Where U, Ui, U2, U3 are the integrable functions of u; V, Vi, V 2 , V 3 are functions of v and W, Wi, W2, W3 are the 
functions of w. Also A, A b A 2 , B, B b B 2 , C, Cj, C 2 , D, D,, and D 2 are constants which may be determined by boundary 
conditions. 

Now, let us consider the flow of an electrically conducting incompressible fluid with velocity Cj[ [given by 
equation (1.33)] acted upon by the magnetic field given by equation (1.12), if 



F{u) = U(u) 
F 1 («) = C/ 1 («) 
0(w)=W(w) 
W (v)=V(v) 



I An 



(1.42) 



Then the flow (1.33) and magnetic field (1.12) will satisfy the equation (1.32). Also we have 



\A7tp 



(1.43) 



Walen (13, 14) has shown that equation (1.42) is always a solution of equation (1.32) if F—0 
(no external forces) and if (13) 



1 2 
P + — 0q =cost. 



(1.44) 



Thus the flow of an electrically conducting incompressible fluid with velocity given by equation (1.33) acted upon 
by the magnetic field given by equation (1.12) constitute a magneto-hydrostatic configuration if there are no external 
forces, then equation (1.42) is satisfied and pressure distribution is given by 



P = const. 



1 



(v - w) 



(v — u) (w-w) 



(1.45) 



CONCLUSIONS 



Magnetohydrostatic configurations thus found may be either pressure balanced type or in very special cases force 
free type (5). In all these, no secondary flow will be possible because the magnetic forces would just balance the 
centrifugal effects (12). 
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